ABSTRACT. A module M is called principally Goldie*-lifting if for every proper cyclic submodule X of M, there is a direct summand D of M such that Xβ
Introduction
Throughout this paper R denotes an associative ring with identity and all modules are unital right R-modules. Rad(M) will denote the Jacobson radical of M. Let M be an R-module and N, K be submodules of M. A nonzero module M is said to be hollow if every proper submodule of M is small in M. A nonzero module M is said to be principally hollow which means every proper cyclic submodule of M is small in M. Clearly, hollow modules are principally hollow. Given submodules
Lifting modules play an important role in module theory. Also their various generalizations are studied by many authors in [1] , [4] , [6] , [7] , [8] , [9] , [10] [4] ). In Section 2, we recall the equivalence relation β * which is defined in [4] and investigate some basic properties of it.
In section 3 we define principally Goldie*-lifting modules as a generalization of lifting modules. We give some neccesary assumptions for a quotient module or a direct summand of a principally Goldie*-lifting module to be principally Goldie*-lifting. Principally lifting, principally Goldie*-lifting and principally supplemented modules are compared. It is also shown that principally lifting, principally Goldie*-lifting and ⊕-principally supplemented coincide on π-projective modules. 
This means that Aβ*B in M.
′ of M and X is a cyclic submodule of M which is β* equivalent to D. By Theorem 2.3,
Principally Goldie* -Lifting Modules
In [4] , the authors defined β * relation and they introduced two notions called Goldie*-supplemented module and Goldie*-lifting module depend on Clearly, every G*-lifting module is principally G*-lifting. However the converse does not hold. 
Therefore it is seen that mRβ*D from Definition 2.1. Hence M is principally G*-lifting. , we obtain mR = M but this is a contradiction. Thus mRβ*0 and so mR ≪ M. That is, M is principally hollow.
We shall give the following example of modules which are principally supplemented but not principally G*-lifting.
Example 3.7. Let F be a field, x and y commuting indeterminates over F . Let R = F [x, y] be a polynomial ring and its ideals I 1 = (x 2 ) and I 2 = (y 2 ) and the ring S = R/(x 2 , y 2 ). Consider the S-module M = xS + yS. 
Proof. (⇒) Let
. From isomorphism theorem and the direct decomposition of mR 
Proof. Let m ∈ M.
By hypothesis, there exsists a decomposition 
Another consequence of Proposition 3.10 is given in the next result. A module M is said to have the summand sum property (SSP) if the sum of any two direct summands of M is again a direct summand. 
So we obtain
Thus N is principally G*-lifting from Proposition 3.11. Now we mention that principally G*-lifting and G*-lifting modules are coincide under some condition. 
